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ABSTRACT

The general objective of formal neuron adaptation is to give the reliable inputs more influence in determining the
output than the unreliable inputs have. Adaptation is introduced into the threshold decision element by a circuit that
performs two operations: estimates the error probability of each input and uses the estimate to change each vote-
weight. A cyclic error-counting adaptation procedure is the one in which vote-weights are changed periodically
(cyclically), based on data collected during computations in a period (cycle). If appropriate incremental adjustments
are made to the estimate of inputs' each error after each computation, then we deal with continuous adaptation.
There are two methods for detecting errors: comparison with the output decision (closed-loop adaptation) and
comparison with an externally supplied correct answer (open-loop adaptation). In this paper, the input weighted sum
is compared with the desired value of this sum, which is multiplied by the correct binary answer. Our results for
incremental changes of the input weights of the adaptive formal neuron are based on the Widrow-Hoff algorithm
and stochastic approximation method.

Keywords: vote-weight, Mahalanobis distance, entropy sensitivity criterion, Widrow-Hoff algorithm, Robbins-
Monro algorithm.

INTRODUCTION

Let us suppose that the binary signal X coded, say, the form of N versions for the value of the variable
as +1 and —1 is supplied to N same-type data buses X) further arrives at the inputs of the so-called
decision or restoration element whose model is
shown in Fig. 1.

As is known, the decision element is a device which

B,,B,,...,B,. Because of probable errors of the

buses, the value of the variable X is computed as

TRIPETITIR uses the known binary signals X, X,,..., X, at N

_, X1 inputs to determine a binary output signal y called a

\' decision. Saying it differently, the decision element is

Xo . . . . . . .

L . B a switching circuit that realizes some binary function
e y . |
— Decision element |— y of N binary arguments X, X,,..., X :

y=f (X %.....X,). (1.1)

L. Xn The reliability of the decision element essentially

_ N depends on a type of function (1.1) realized by this

Fig. 1: Decision element (gate) element. It is obvious that in the ideal case the

As a result, N versions are obtained for the value of
the variable X supplied for recognition. Clearly, each

decision Y produced by the decision element must

o coincide with the true value of the binary variable X.
of the values X, (i=1,n) is a binary digit taking The decision element that realizes the function

values +1 and —1. This redundant information (in
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y =sgn(zn: Xij' (1.2)
i=1

where
-1, ifz<0

sgnz=+ 0,ifz=0, (13
+1, ifz>0

is called a «majority-rule» decision element. Here
zero stands for an unreliable (indeterminate) value of
y. For the concrete input combination
Xy X5,..., X, the unreliability (indeterminacy) of
the output variable Yy means that either this
combination is never realized (N is an odd number in
the sum Z=X +X,+...+X,) or for Zz=0 the
decision Yy is not produced at all. The graph of the
function y=sgnz is shown in Fig. 2. Here the

arrows indicate that the cusp does not belong to the
graph, while the point at the origin indicates that the
output variable y is unreliable.

y

+1

-1

Fig. 2: Graph of the function y=sgnz
The main components of the «majority—rule»
decision element are a summation device which gives
the output signal

z=zn:xi,
i=1

and a nonlinear two-terminal circuit with the
characteristic y =Sgn z shown in Fig. 3.

Y=

Deggon slemeann
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Fig. 3: Model of the «majority-rule» decision element
It is quite obvious that this element gives the decision
Y as a result of voting by the principle of a simple

majority of output signal values. For this reason it is
often referred to as the voting element. The majority
rule was first described by J. von Neumann in the
work [1] and later extended by V.lI. Varshavsky to
analog systems with redundancy [2]. The majority
rule was investigated in many other aspects, too, but
we do touch upon them in the present paper.

The functioning of the restoration circuit with a
«majority-rule»  decision element cannot be
considered satisfactory if the error probabilities

ql!qZI"'iqn Of the

B,,B,,..., B, have different values so that to each

binary data buses

X; arriving from the output of the binary bus B, to

the ith input of the decision element we have to

assign its weight ai(i=ﬁ), where @ is an

arbitrary real number (—o0<a <+o0). In that

case, the output decision Yy must be given as a result
of weighted voting according to the relation

y =sgn (Zn: X — @J, (1.4)
i=1

where ® is the so-called threshold or quorum of the
element. Hence it is frequently called a threshold or
quorum element though it might as well be called a
weighted voting element. It is easy to see that the
«majority-rule» decision element is a threshold

element with weighted coefficients a, =1(i =R)

and threshold ® =0.

Let us formally assume that ®=a

—1. The latter implies that there exists some

n+1’ and

X

nel =
phantom data bus B, ,; which always produces the

n+l —

output signal X —1 whatever the input signal X

is. Then relation (1.4) can be written in the form

j. (1.5)

The model of a decision element shown in Fig. 4
fully agrees with this relation.

n+l

yzsgn(Z%Xi

i=1
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Decigon oement

Fig. 4: Model of the decision element
The need of such a model has arisen because if at the
initial moment of time the error probabilities of data
buses can be chosen practically equal to one another,
in the course of time they nevertheless develop
differences.

Threshold logic is quite well covered in the literature
[3]-[7]. Basic results are related to the problem of
synthesis of a threshold element (artificial neuron),
i.e. it has been shown that the considered switching
function of N binary variables can be realized by one
threshold element (artificial neuron), and such
weights and a threshold have been found that ensure
the fulfillment of this function. Solutions have also
been found for problems of the synthesis of networks
of threshold elements, i.e. for problems of the
synthesis of artificial neuron networks. However, on
the whole, these studies are only superficially
concerned with problems of threshold logic from the
standpoint of making optimal decisions on the
restoration of a true signal under the redundancy of
data buses. Exactly this aspect of the threshold model
of the functioning of a decision element in the correct
signal restoration system interests us [8]-[16] and is
the subject of investigation in the present paper.

Choice of vote-weights

Let us introduce the variable
n+1

Z=YaX,
i=1

assuming that all X are random binary variables

2.1)

X, because of the probability of error occurrence in

the data buses B,. Then it is obvious that Z , too,

will be a random variable taking the value Z on the
real axis, and Y =sgnZ will be a random binary
variable.
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Besides, let us construct the random variable
n+1 n+1

n=X-Z=Y a(X-X)=Dm, (22

i=1 i=1
where X is the binary variable taking the values +1
and —1 supplied to the data buses B, (i =1n +1).

X is interpreted as a random variable with
realizations X.
Realizations of the random variable 7 are denoted

by V, and realizations of random variables 77, - by
V,. It is easy to see that the values of V are discrete

and belong to the real axis, while the values of V; are

either +a, or —a, forall i=1,n+1.
Let us turn our attention to random variables

XX, (i =1n +1) . It is easy to see that a discrete

random value XX, takes the value —1 for
X, ="X (where "X denotes the inversion of the
binary variable X ') with probability , and the
value +1 for X; = X with probability 1—¢; :
Prob{X - X; = -1} =Prob{X; # X}=q

Prob{X - X, =+ =Prob{X, = X}=1-q ;. (2.4)

i=ln+1
In particular,
d,., = Prob{X - X, =-1}=Prob{X =+1} } 25)
1-q,,, =Prob{X-X,, =+3=Prob{X =-1| "

since X,,, =—1. Hence it follows that Q, , isthe a

priori probability that the signal X =+1 will be
supplied to the decision element for recognition, i.e.

.., Iisthe a priori probability that at the threshold
element output we shall have +1 as a correct signal.
Analogously, 1—0,,, is the a priori probability that

the signal X =—1 will be supplied to the input of
the decision element or, which is the same, the a
priori probability that the output of the threshold
element will be —1 as a correct decision.

The distributions f (Vi) of probabilities of discrete
random variables 77, are determined using the
assumptions that V, =+a, with probability 1—g

and V; =—a, with probability ¢;,. Therefore,
formally,
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fi (Vi) — qi(arvi )28 (1_ qi)(vi+ai )/24,
Vi =48, -8 . (26)

i=1n+1

Criterion of Mahalanobis distance maximum

When solving the problem of weights optimization,
we treat it as a classification problem, which means
that the input signal X should be assigned to one of

the two classes €, (whenX=+1) and Q, (when

X=-1) on the basis of nNn+1 versions
Xy Xy yeeey Xy X,y OF this signal.

Under this approach, the restored signal should be
considered as a random variable X with realization
X.The characteristics of this variable are n+1

random variables X, X,,..., X, X, ;. It is helpful

to consider X as a random vector, i.e. as an ordered
set of N+1 numbers arranged as a column

Xl
XZ

X,
Il

=(X, X, oo, X X00)' s
Xn

_Xn+1_
where the symbol «'» stands for the operation of

transposition. Hence each element X, (i=1,n+1)

serves as a component of the random vector X .

—

A realization of the random vector X is written as
the observations vector

X = (X Xy eeey Xy X))
where the components of the vector X are the
realizations X, X,, ..., X, X of the random

1 P Pl

variables X, X,, ..., X, X

The vector X with components
X, X, ooy X, X, is described by the joint
distribution function

nap » Fespectively.

f(X) =Prob{ X, =x,X, =X, ,..., X, =X, X0 = Xpa

where the probable values of X (i=1,n+1) are
equal to —1 and +1.
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It is easy to see that in the class € the vector X

has the distribution

nel 1% % +1

E(x)=[1a* -(1-a)2 . @7
i=1

and in the class €2, - the distribution

n+l %+l 1%
L()=ITa’ -(1-a)7 . @9

i=1
These relations hold under the assumption that the
components X, X,, ..., X, X, of the vector

X are independent of one another.
The mathematical expectation fs; = M[Xi ] of each
of the components X; is obtained from the partial

distributions of the variables X;. These Nn+1
mathematical expectations can be represented as the
vector 4 of means

!

=M X =t oy oo by 1)
In particular, in the class € the centroid of

probabilities distribution of the vector X s given by
the vector

o= (g fogs oo s o) o (29)
and in the class €2, - by the vector

H, :(luzl’/lzz’ "":u2n’lu2(n+l)) » (2.10)
where

ty; =1-2q,
My =20 1. (2.11)
i=1n+1

From the partial distributions for X; we compute the

. . 2 .
dispersions oj of random variables

X, (i =ZLnTl) and from the joint distribution of
the components X; and X; we compute the
covariance ojj of Xjand X:

ol ifi=|
L, -M[[% ‘“i)(xi‘”i)}z{a'u,ifiijj |
(2.12)
Note that oj; = O'i2 and ojj = 0 jj. Dispersions
and covariances generate, in total, the covariance
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matrix which is a generalization of the notion of
dispersion of a one-dimensional random variable:

2
O, Op O3 Oypyy

2
Oy O, Oy - Oy
2z, =

2
| (19 (n+1)2 O (n+1)3 *" " O (ns1)(n+1) |
Since in the considered case the components
XX, oo X, X,,, of the vector X are

independent of one another, we have o;; = 0 for all

I # ] and Z; is the diagonal matrix

o2 0 0--0 ]

0 o2 0---0
Zo =1 . . . .

0 0 0.0,

It can be easily verified that the dispersions 0'i2 are

identical in both classes and defined by the relations
2 2 _ 2
Oy =0z =07 =40, (1-0)) 213)

i=1Ln+1
Therefore the covariance matrices are also identical:
2 =2,=2,. (2.14)
Thus, when investigating the threshold element, the
parameters f4, i, and X, can be assumed to be

known, while the principle of its functioning implies
that the threshold element computes a linear
combination of observations

Z=AX X+ X, 8, Xy
called a linear discriminant function. The
observations vector X is assigned to the class Q; if

Z>0, and to the class Q, if Z<®. When

z =0, no decision is produced.
Let us introduce into consideration a random variable

Z by the relation

n+l

Z=YaX. (2.15)
i=1

Or
n+1

Z,=>17, (2.16)
i=1

where

Z =aX, . (2.17)
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If the observation X arrived from €24, then sum
(2.15) has the distribution

Fl(z) = ”%11 fli (Zi) . (2.18)

where * is the symbol of the operation of
convolution, and
-z Z;+8;
2a 2a
fli(zi):qi : (1_qi) Y (2.19)
where Z; are equal either to +a; orto —a, .

The mathematical expectation of the random variable
Zis

n+1 n+1l

m=Stau - 3a 1-2q). e
i=1 i=1

Analogously, if the observation

X = (X0 Xps wves Xy Xoyy) s from the class Q,,

=01 Mgl

then the variable Z has the following probabilities
distribution

n+l

F(z)=*f,(z), @21

i=1
where
Zi+8;
24

a; -z
fu(z)=q (1_ qi) (222
and the probable values of z; are +a; and —a; .
If the observation X has arrived from the class Q,,

the mathematical expectation of the random variable

Z is determined by the formula
n+1 n+1

m, = auy; = a (20, -1). (2.23)
i=1 i=1
Comparing relations (2.20) and (2.23), we easily
conclude that
m =-m,. (2.24)
By the analysis of (2.19) and (2.22) we obtain

fa(z)=1i (-2, )} (2.25)

i=1n+1
Therefore
F(z)=F(-2). (226)

The dispersion 0'22 of the random variable Z is the

same in both cases and defined by the formula
n+l n+l

2
ol=>>aca, (27
i=1 j=1
which, in view of relations (2.13), for o = Ovyields
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n+l

ol =) 4alq (1-q). (228)
i=1

For heuristic reasons, the weights
a,,a,,...,a,a ,, must be chosen so that the
mathematical expectations m, and m, would stand
apart from each other as far as possible and the
dispersion 022 be minimal.

To this end, it suffices to introduce as a target
function the generalized Mahalanobis distance [4]

2
pomem)
(o

z
which in the setting of our problem has the form

{Zf, & (4t — t )T |

,0 = n+l n+l

(2.30)

i=L j=1

The weights @, (i :l,n+1), which give generate

the maximum of this expression. satisfy the following
system of equations

g
o8 . (2.31)
i=1n+1

Using expression (2.30), we obtain
n+l

zai (:uli _ﬂzi)

His —Hys o

n+i = In+1 n+l ' (2'32)
2,058 2.&2 04,

i1 il 1

!’

Any vector (al,az,...,an,aml) that satisfies the
system of equations

n+1

zasjaj = k(:uls _:qu)
=1

i , (233)

s=1n+1

where K is an arbitrary constant, will be a solution of
system (2.32) as well.

Since in system (229) o; =0 for i=] and

2 .
o0, = O , we obtain

http: // www.ijesrt.com
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a‘so-s2 =k (/u’ls - IUZS)
s=1n+1 ’
whence

as =k His _2/*125
(o . (2.34)
s=1n+1

With expressions (2.11) and (2.13) taken into
account, we eventually obtain

1-2q,
" 29(1-q9) . (235
i=1n+1

If for @, <1/2it is desirable to have a positive
weight, and for ¢, >1/2 a negative one, then the
constant K must satisfy the condition 0 < k < oo.

For these weights, the maximal value p, ., of the
generalized distance p is equal to the difference

(more exactly, to the absolute value of the difference)
of the mathematical expectations m, and m, of the

sum Z for the classes €, and Q,:

nil (1_2qi )2
pmax | 2| Iz;ql (l—ql) ( )

Consequently, when the weights a; are chosen by
relations (2.35), we have the equality

o,
—— =1. (2.37)
‘ml - mz‘
From formula (2.36) we see that an increase of the
number of N+1 inputs of the threshold element, if
only the error probabilities of these inputs are not
equal tol/ 2, leads to the monotonic growth of the
generalized distance o and therefore to a decrease
of the probability of incorrect restoration of the signal
by the decision element.
Criterion of entropy sensitivity
In the decision element, the system of N-+1ldata
buses B,,B,,...,B,,B,,; can be regarded as
some source of binary information with the entropy
E defined by the formula

n+l

E=YE, (2.38)
i=1
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where E;

(i =1n +1) is the entropy of the
discrete random variable X -X;, whose distribution

is given as a set of probabilities (; and (1_Ch)

which meet its realizations X-X; =-1 and
XX, =41, respectively.

Therefore
E =k:[-(1-q)-In(1-q)—q,-Inq, |, (2:39)
where Kk (O<k <oo)is an arbitrary positive

constant, but the entropy may usually be defined also

assuming that K =1.
Therefore

n+l

E=k->[-(1-q)-In(1-q)-q-Ing ] (240
i=1
If in two data buses B; and B; the identical changes

Ag; and  Aq; (Aqi :qu) of their error

probabilities (]; and q; bring about various changes

(A E)i and (A E)j of the entropy E , then it is

natural to assign a greater weight to that data bus
which has caused a greater change of the entropy. In

other words, the weight a; must serve as a measure

of the entropy change of the information source (the
set of binary buses) depending on an increment of the

probability Q; :
JE
a=——
1 0’) qi
i=1n+1
Using expression (2.40) for the entropy E , from
(2.41) we obtain
1-q
q

2.3 Relationship between the weights computed by
the above two criteria

We denote by a@;, the weights defined by relations

(2.35) and providing the maximum for the
generalized Mahalanobis distance:

! (2.43)
T N = @, - .
20; (1_ 0 )
The weights computed on the basis of the entropy
approach are denoted by a,, :

(2.41)

a, =k-In (2.42)

http: // www.ijesrt.com
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1-aq.
K. In—&

It is easy to verify that

1 1-q; q; j
a,, = 2-k-(—qi “1_a i . (2.45)

On the other hand,

1-a exp(ln—l_ % ] = exp[% - aiej
% % . (2.46)

q

—_—exp —Inl_—qi :exp(—l-a j
1_Qi G k ¢

Using (2.46) in (2.45), we obtain

=a

e "

(2.44)

1
a, =k -sh(?aie) . (247)
In particular, if K =1, then
Q, = sh(aie) . (2.49)

Thus if the normalizing factor K is chosen equal to
1, then weights (2.43), which provide the maximum
for the Mahalanobis distance, are related to weights
(2.44) found by using the entropy approach and the
monotone transformation (2.48) and applying the law
of hyperbolic sine.

Fig. 5 shows, for comparison, the graphs of relations
(2.35) and (2.42) for the case kK =1.

A

Qi

10

-10]

Fig. 5: Weight - probability relationship diagram
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Adaptation of the restoring formal neuron

Adaptation is understood as a process of control of
the input weights of a threshold element [5] with the
purpose of making them match the current error
probabilities of these inputs. The objective of the
control is to impart more influence to the reliable
inputs in determining the output than the less reliable
inputs have. Therefore, at each moment of time t the

a (—oo <a < +oo) of the ith
(i =1, n+ 1) input of the decision element must be
q;(t) of this

weight

determined by the error probability
input at the moment of time t :

a = fa(qi (t)) :

The weights control process is complicated by the
fact that we do not have at our disposal sensors of

error probabilities qi(t), which could measure

various physical quantities. Only the statistical
estimates of these probabilities can be determined by

the mismatch of the signal X, produced by the data

bus B, either with the true variable X supplied by

a binary variable for recognition or with the decision
Y produced by the threshold element.

In this context, there may be two types of adaptation::
adaptation without feedback (open-loop adaptation)
and adaptation with feedback (closed-loop
adaptation).

Regardless of whether there is a feedback or not,
adaptation is viewed as two procedures: cyclic error-
counting adaptation and continuous error-counting
adaptation.

The cyclic error-counting adaptation procedure is the
one in which the vote-weights are changed
periodically, using data collected by computations
during a period (cycle) that includes the number of
observations at cyclic of time.

In the case of the continuous error-counting
adaptation, error probabilities can be estimated by
using the devices which correct the vote-weights of
all inputs after each observation at a cyclic moment
of time.

Hence we distinguish adaptations with cyclic and
continuous correction of weights.

Judging by the manner in which a cyclic moment of
time is fixed, for performing the correction the third
type of adaptation can also be indicated when
changes in weights occur at random moments of time
after the data buses reach certain states. In particular,

the critical state of the data bus B, can be

http: // www.ijesrt.com
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determined also by the maximum value ¢, of the

error probability Q; .

Methods of adaptation without feedback have a

limited application because of the necessity to supply

a correct answer externally. They have mainly two

areas of application:

o The initial adaptation of a device;

ePeriodic adjustments made to weights during the
operation of the decision element by using checking
programs with the known answers.

Continuous adaptation by the Widrow - Hoff
least-mean-squares algorithm

Preliminaries

It is absolutely clear that it is in principle possible to
organize the adaptation procedure of a threshold
element in such a manner that in estimating its input
error probabilities the weight these inputs are
readjusted not at the end of a cycle by the results of
M  comparisons, but permanently, upon the
completion of each comparison. An algorithm of this
adaptation may, for example, be a procedure of
penalty and bonus type. In that case, at the

(k +l) th step the algorithm makes changes in the

weight vector é(k) of the preceding step differently,
depending on whether at the kth step of adaptation
the pattern was classified by means of the vector
é(k) correctly or incorrectly . In particular, if the
pattern is classified correctly, then the bonus may
consist in that no changes are made to the vector of
weights, whereas if the pattern is classified
incorrectly, then the threshold element is penalized
either by an increase or a decrease of the vector of
weights. A conclusion on the correct or incorrect
recognition of the signal X by the data buses

B.,B,,---,B,,B,,; can be made both by

comparing the input signals X, (i =], n+1) with
an externally supplied correct answer and also by
comparing them with the decision Y . However,

sometimes, instead of comparing X or Y with each
individual signal X, comparison can be made with
the result of the collective interaction of all

Xi(izl,n+l), i.e. with the output signal

produced by the threshold element summer.
Continuous open-loop adaptation (without feedback)
Let us assume that the signal X is a random
sequence of digits +1 and —1 corresponding to the

© International Journal of Engineering Sciences & Research Technology
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a priori probabilities  q,, =P(Q,) and
1-q,, = P(Qz). Also, in the threshold element
inputs there appears the observations vector
X =(X1,X2, . ,Xn,Xn+1) according  to  the
probabilistic laws

n+l  1=x x+1

P(RIe)=1(x)=]]a*

(4.1)

n+l X+l 17|
P(X/Q,)= Hq, 2,
(4.2)
where X, =-1.

n+l —
For each observations vector X, let us introduce a
random variable of classification, or a mark &, such

that

&=+m,

for X corresponding to the signal X =+1(class €2,),
and

&=-m

for X corresponding to the signal X =—1(class €, ).
For this, it suffices to construct & by the relation
E=my- X (4.3)

Then, in the process of adaptation,
represented as a sequence of pairs

(X(2).8), (X(2).&), -+ (X(K). &), -~

In view of formulas (4.1) and (4.2), the Bayes
separating function has the form

. (X /1O ) n+1 q
YO(X) = Z X;
P( /Q ) i=1 q,
The purpose of adaptation consists exactly in, firstly,
approximating YO()?) with unknown parameters

data are

In———= . (44)

o} (i =1n+ 1) by means of the finite series

n+1
Yo (X) =% -
i1

and,

(4.5)
secondly, determining the

:(@j@,uu

mean-square error of approximation

= M[(gaixi -Y (i)jz] (4.6)
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For the minimization of 5(2) it suffices to know the
Bayes separating function YO()?) defined by
formula (4.4) with exactly unknown probabilities
qG:Ln+Q.

To avoid this difficulty, we will consider & as a

noise-corrupted value of the function YO()?) . Then

!

é\‘n’ énJrl) !

—

the weights vector 4 = (él, a,, -,

which minimizes 83, will also minimize the
criterion function

[(z ﬂ_ @

Taking the partial derivatives of the criterion function
with respect to weights a, , we obtain

A (X, )

xa

18- 258 S <] |
i=Ln=1
Assuming that instead of the real values of
GOi(Y(,ﬁ), we observe their noise-corrupted
values
n+l
h, (X,d)=2 X =& X
i (%, ) [jz_;ajxj §Jx s
i=Ln+1
such that
M|y (X.&)] = G (x.a)
iI=1n+1
and
o? (%,8) =M (G, (%, 8)~h, (,8))’ |<L
iI=1n+1

for all weights a, (i = 1,n+1), where L <o isa

positive constant, we may apply the Robbins - Monro
algorithm [6] for the iterative definition of the zero

&, of the function G, ()?,é), i=1n+1.

Denoting by &, (1) an arbitrary initial estimate of the
root of the equation

Gy (x,d)=0,
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and by a, (k) the estimate of this root obtained at the

kth iteration step, the procedure of correction by

means of the Robbins - Monro algorithm can be
written in the form

a(k+1)=a(k)- 8, m(q( ) é(k))} (4.9)

i=1n+1

where /3, is an element of the sequence of positive
numbers which satisfy the conditions

“.9")

Such a sequence can be exemplified by a harmonic
sequence.

Therefore error corrections by the Robbins-Monro
algorithm are proportional to the value of the variable

hy; ()?(k), é.'(k)) in the preceding observation.

The substitution of (4.8) into the general expression
(4.9) gives

n+l

a(k+1)=a(K)+p, % ){s S
i=Ln+1

where p, =2- 43, .
Relation (4.10) is in essence the correction algorithm
which Widrow and Hoff used in their work [7]. In

our case, for a stochastic increment of the ith
weight

Aa (k)=a,(k+1)—a (k)
that takes place at the (k +1)th iteration step, we
write (4.10) in the following form

n+l

A myX — Za

i=Ln+1

Our further investigation pursues the following aims:

ofinding a mathematical expectation for the incre-
ment value (4.11);

eobtaining expressions for weights which correspond
to the steady state when the mathematical
expectations of (4.11) are equal to zero.

940|410

Aai(k):pk (4.11)

http: // www.ijesrt.com
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Let us assume that the input errors of the threshold
element are independent of one another and write
(4.11) in the form

n+l

Aa, (k)= pmyXX; (k) = o, X, (K)- 2 (k) X, (k) _

j=1

i=1n+1

Here

n+l

n+l
2.2, ()X, (k)= 2.2 (k)X (k) +a (k) X (k).
1= 1=
j#i
where the condition j=iin the subscript of the

summation symbol means that the sum does not

contain a summand with index i.

Thus

Ag; (k) =myp XX (k)-
n+l

+p- X (k) D 4, (k)X

=

X2 (k)

i=1,n+1

For the mathematical expectations of individual

summands in the right-hand part of relation (4.12) we

have

(4.12)

+oq (k)

|: o Pk XX ]—

= My oy [(1_ G; ) ‘1+q, '(_1)] = (413

=My o (1_ ZQi) '

M[pa (k) - X2 (k)] = pay (k) . (4.14)

As to the mathematical expectation of the summand
n+l

P Xi(k)';aj(k)xj(k) ,
J#l

it should be calculated using two conditions with

X =+1land X =-1.
()/x |-
n+1

We have
= -(1-29))- 2, (K)(1-29,).

j#i

n+l

(k) 23, (k)X

j:tl

M| p X

(4.15)
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M| 2%, (- 3, (0%, )/=—1=

J¢|
n+l
= p-(20,-1)- 2 2, (k)(29, -1) = (4.16)
=
n+l
=p(1-29,)- 3 3, (k)(l_ 29; )
j=1
J#i
Therefore expressions (4.15) and (4.16) coincide and
it can be claimed that independently of the class
supplied for recognition,

n+l

M X (k)- 2.2 (k) X, (k) | =

] (4.17)

= P, .(1—2qi).ijaj (k)(1-2q;).

J#i

Taking into account (4.13), (4.14) and (4.17) we have
M[Aa (k)]=p, {(1-29,)- ¥ -a (k)]

X —Zaj(k) (1—2qj) . (4.18)

Since here

n+l

Z;a,- (k)(l_ij ) =

I

j#i
n+1

=3 a,(k)(1-20,) -4 (K)(1-20,),
=

using this fact in (4.18), we come to the expression

M [Aai (k)] =

- p|(1-20)-r+a, (K)(1-29 ) -3 (k)

n+1
:{mO ->a;(k) (l—2qj)}
j=1
i=1n+1
It is easy to see that

3 (k)-(1-29,)" —a (k) =—4a (k)-q,-(1-q,).

Therefore
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M[Aa (k)]=p {(1-20,) Y+ 4}
A=—4a (k)q (1-2q)

:{mo—iaj(k)(l_ij)} O @19)

i=Ln+1
Since the Robbins-Monro algorithm converges when
conditions (4.9") are fulfilled, the weights will stop

being changed (on the average) for some finite K. In
this steady state the following equalities are fulfilled:

M[Aa,(k)] -

. 4.20
:1n+1 } (4.20)

We denote by ai .the weights which have reached the

steady state. Then for &, (i =1n+ 1) we have the
equations

n+l
1-2q, _J-Z-lé"(l_zq")

ZQi(l_Qi). 2
i=1,n+1

(4.21)
It is easy to see that the variables

1-2q;

Am =/ _\
2q,(1-a); @22
i=1ln+1

are the weights which give the maximum to the
Mahalanobis distance between the sets of values of
the random sum

n+l

Z=YaX,
j=1
in the classes €2, and €, .
To the weights
aie - |n1__q'
q, (4.23)
i=1n+1

computed in terms of entropic sensitivity and being
optimal in the Bayes sense (i.e. in the sense of the a
posteriori probability maximum), weights (4.22) are
related in the following manner

&im :i(a‘e)}. (4.24)

i=1ln+1
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Now, introducing the constant » depending on the
value of a steady-state weight, we obtain

a =y ap, :7'Sh(aie)

o , (4.25)
i=1,n+1
where
n+1
m, —>_4; (1-2q;)
y = 1= > (4.26)

The expression for y can be written in a more
compact form if we take into account the fact that the
maximal value p, .. of the Mahalanobis distance p

is defined by the relation

2
n+1 (]__ 2qj)
Prax =22 7
j=1 qj (1_ qj)
Indeed, in view of expressions (4.25) and (4.27) we
can write formula (4.26) in the form

n+l
1= —

r= 2 - 2

n+1

=2->a;,(1-2q;). (427)

j=1

Hence
2m,

Y=o 0
4+ Prax
Substituting (4.28) into (4.25), we obtain

4 = My, - _2My sh(a,)
4 + pmax 4 + pmax
i=1n+1

Thus, as a result of continuous adaptation without
feedback the weights are established, which are
proportional to the weights which give the maximum
to the Mahalanobis distance.

Continuous closed-loop adaptation (with feedback)

In the case of continuous adaptation with feedback,
when weight increments are determined by the
Widrow-Hoff algorithm, the mark & is computed as

(4.28)

im

. (4.29)

m,-Y, whereY is the output decision of the
threshold element and, instead of the error probability
g; of the ith input, we have to operate with the
probability d; that this input will mismatch the

variable Y .

Fig. 6 shows the flow-diagram of realization of the
methods of continuous adaptation (both without and
with feedback) by the Widrow-Hoff algorithm.

http: // www.ijesrt.com
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\ Nonlinear element

Output
decision
Y

Performance input

n+l
7= Y.ax
i=1

.
i &- Desired output

Adaptation circuitry

Fig. 6: Flow-diagram for closed- and open-loop
adaptation by the Widrow-Hoff algorithm

Results and discussion

a) The weightsa,computed by the entropy
sensitivity criterion are defined by formula (2.44):
a, = k~|n1_—qi (i =1,n+1),

Qi

while the weights a,, computed by the criterion of

Mahalanobis distance maximum are defined by
formula (2.43):

1-2q .
a, =k-———— (i=1n+1).
29, (1_Qi) ( )
b) The relationship between a, and a, is

established by means of the monotone transformation
(2.47):

a, =kosh(%aiej (i =Ln+l).

¢) A maximal value of the Mahalanobis distance is
defined by expression (4.27):

2
n+l (1_2qj)
j=1 qj (1_qj)
d) As a result of continuous adaptation, weights
(4.29) are established, which are proportional to the

weights which give the maximum to the Mahanobis
distance:

Prax =

2m 2m
a = — im = —OSh(aie)
4+pmax 4+pmax
i=1n+1

We can state that the method of continuous
adaptation is qualitatively very close to an optimal
method defined by the weights a, computed by the
criterion of entropy sensitivity since the weight a,,
in the above formula computed by the criterion of
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Mahalanobis distance maximum is proportional to
sh(a,) and monotonically (but not in direct

proportion) depends on a, .

CONCLUSION

It is shown that this adaptation procedure has an
equilibrium setting of vote-weights proportional to
the hyperbolic sine of the entropic vote-weights. This
adaptation method may be said to be optimum in the
sense of the P.C. Mahalanobis's criterion and
qualitatively suboptimum from the standpoint of the
entropic sensitivity definition since shX is monoto-
nic related to X .

The method would be most valuable when the inputs
either operate correctly or have error probability of
one-half. As correctly noticed by W.H. Pierce [5],
this method may require less equipment to implement
than other incremental procedures, because of the
feature that the magnitudes of the vote-weights are
changed by equal amounts.
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